TOPICS IN STATISTICAL PHYSICS AND PROBABILITY THEORY

INSTRUCTOR: RON PELED, TEL AVIV UNIVERSITY

1. INFINITE-VOLUME GIBBS MEASURES

We discuss some basic facts regarding Gibbs measures on the infinite lattice Z¢. Our discussion
is restricted to an explicit case with nearest-neighbor interactions but the reader should note
that the general theory allows much more flexibility; see Friedli and Velenik [3, Chapter 6] for
additional details.

Preliminaries. Let (S5,S,)) be a measure space (A is a positive measure, either finite or
infinite). We assume that S is a Polish space (metric, separable and complete) with S its Borel
sigma algebra (this is convenient in order to define Gibbs measures through regular conditional
probabilities as we do, though it is possible to develop the theory under weaker assumptions).
Fix an integer d > 1. We will consider various probability measures on the measurable space

Q= S% = {o]¢: Z* — S} equipped with the product topology and Borel sigma algebra F.

We denote subsets of Z¢ by A or A. For a subset A C Z% and ¢ € Q we write @, for the
restriction ¢|x. A cylinder set in ) is a set of the form

H E, with E, € § for all v and F, = S for all but finitely many v.
vEZA

We call a function f :  — R local if there exists a finite A C Z% such that f(¢) = f(¢') whenever
op = ¢'\. We say that f is determined by A (for any such A). We recall several basic facts about
probability measures on €2:

e A probability measure P on 2 is determined by the probabilities P(E) for all cylinder sets
E, or by the expectations P(f) for all bounded, continuous local functions f.

e A sequence of probability measures P, on € converges (in distribution, i.e., in the weak*
topology) to a probability measure P on Q if P(f) = lim,,—,oc P, (f) for all bounded, con-
tinuous functions f. This is equivalent to convergence for all bounded, continuous local
functions f (see, e.g., [2, Chapter 3, Proposition 4.6(b)]).

e If S is compact then 2 and the set of probability measures on 2 is compact. Thus, in
this case, any sequence of probability measures P, on 2 has a convergent subsequence.
Consequently, convergence of P, itself (to some limit) is assured once lim,, o, Py, (f) exists
for all bounded, continuous local functions f.

e For each measure P on 2 and sub-sigma-algebra G C F there exists a regular conditional
probability for P conditioned on G. That is, there exists a function Q : Q x F — [0, 1]
satisfying that

— Q(ep,-) is a probability measure on €, except for ¢ in a P-null set in G.

— For each E € F, Q(-, E) =P(E|G) except on a P-null set in G.
In addition, if both Q1, Qg satisfy the above two properties then the probability measures
Q1(p,-) and Q2(yp,-) are equal except for ¢ in a P-null set in G. See [1, Section 10.2] for
proofs and additional details.

Finite-volume Gibbs measures. We restrict attention to measures defined via a nearest-
neighbor interaction with soft constraints as follows. Let h : S x S — (0,00) be a measurable
function satisfying

h(a,b) = h(b,a) for all a,b e S. (1)
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For a finite set A C Z¢ and 7 : Z% — S we let Pl be the probability measure on €2 defined by

B =[] e [TaMe) T dis (e 2)

u~v d
(w0 NA£D vEA vEZA\A

where d5 is the Dirac delta measure at s, so that the measure P}, is supported on configurations
@ satisfying ppe = nac, and where

Zo= [ T wewen TToxe) TT donte

u~v d
{u,v}NA#D veA VELZTA

is a normalizing constant. We call P} a finite-volume Gibbs measure in A with boundary condition
n. We will also use the same notation with 1 : A — S (as P} clearly depends only on ne).
We assume throughout that the interaction function i and single-site measure A satisfy suitable
integrability conditions to ensure that for any finite A C Z% and n: Z¢ — S,

Z] < o0
so that P} is well defined, and
P} (f) is a continuous function of 7, for any bounded, continuous function f. (3)
The following lemma describes two fundamental properties of Gibbs measures.
Lemma 1.1. Let A, A C Z% be finite sets satisfying A C A and let n:Z% — S.

(i) (Domain Markov property). The measure P} depends on 1 only through np,,a, where
Oegt\ := {v € Z¢ : v ¢ A and there exists u € A adjacent to v}.

(ii) (Gibbs property). Suppose ¢ is sampled from P} . Then the distribution of ¢ conditioned
on pac (in the sense of reqular conditional probabilities) equals IP)‘ZAC, almost surely.

Both claims follow directly from the definition (2) of P].
Examples. We list a few examples of the above setup.
(i) Ising and Potts models. In the Ising model S = {—1, 1} with the discrete topology and

uniform probability measure and, for a given inverse temperature 5 € R (negative /3 yields
the anti-ferromagnetic Ising model),

h(a,b) = exp(Bab).

More generally, given an integer ¢ > 2, the Potts model is defined by taking S = {1,2,...,q}
with the discrete topology and uniform probability measure and, for a given inverse tem-
perature 8 € R,

h(a,b) = exp(—pL0a),
where 6§, is the Kronecker delta function.

(ii) Spin O(n) model. For a given integer n > 1, the spin O(n) model has S = S"~!, the
sphere of dimension n — 1, with the topology inherited from the embedding S*~! C R"”
and the uniform (i.e., rotationally invariant) probability measure. For a given inverse
temperature 5 € R,

h(a,b) = exp(B(a, b)),

where (-, -) denotes the standard inner product in R™. The case n = 1 is exactly the Ising
model. The case n = 2 is called the XY model, or plane rotator model, and the case n = 3
is called the Heisenberg model.

(iii) Discrete Gaussian free field. Here, S = R with its standard topology and Lebesgue
measure and, for a given inverse temperature 5 > 0,

h(a,b) = exp(—B(a — b)?).

Note that here, unlike the previous examples, the space S is not compact.
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(iv) Random-cluster model. Given a finite graph G = (V(G), E(G)) and reals 0 < p < 1,
q > 0, the random-cluster (or FK) model is the probability measure Pg , , over subsets of
E(G) given by

Pepq(w) = P (1= p) POl W C B(@),

G.pyq
where C(w) is the number of connected components in the graph (V(G),w) and Zg, 4
normalizes Pg 4, to be a probability measure. The random-cluster model does not fall
under the framework of the above discussion as it is not a nearest-neighbor model (for
q # 1, due to the factor qc(‘*’)), but is included in a more comprehensive discussion of

infinite-volume Gibbs measures, see, e.g., Friedli and Velenik [3, Chapter 6].

Infinite-volume Gibbs measures. We proceed to define infinite-volume Gibbs measures
following the Dobrushin, Lanford, Ruelle (DLR) formalism.

Definition. A probability measure P on  is called a Gibbs measure (corresponding to the finite-
volume Gibbs measures given in (2)) if it satisfies the following condition:

Let ¢ be sampled from P. For each finite A C Z%, the conditional distribution of ¢ given @pe
equals P77,

Equivalently but in more formal terms: a regular conditional probability for P conditioned on
the sigma-algebra generated by @ae is given by the mapping (¢, E) — P52 (E).

Does there exist a Gibbs measure? Is it unique? It is clear that the set of Gibbs measures is
convex (a mixture of Gibbs measures is again a Gibbs measure). Hence, there can either be zero,
one, or infinitely many Gibbs measures. We first consider the existence question.

Lemma 1.2. Let (A,) be a sequence of finite domains which increases to Z% (i.e., A, C Apy1
and UA,, = Z2) and let (n,) be a sequence of functions n, : AS — S.

(i) If the sequence of measures IP’XT; converges then its limit is a Gibbs measure. (such a limiting
procedure is called a thermodynamic limit, or an infinite-volume limit ).

11 1S compac en €re erists a SuosSequence nyg o0 suc a converqges.
i) If S i pact then th st bseq h that P\ q
nE

Proof. The second part follows immediately from compactness of the set of probability measures
on 2. We proceed to prove the first part. Denote by P the limit of IP’X’; It suffices to show that

for any finite A C Z? and any bounded, continuous function f : Q — R,

P(f | pac) = PEY(f)- (4)
Fix such a A and f. The equality (4) is equivalent to
P(g - P(f|pae)) = P(g - PR (f)) ()

for any bounded, continuous function g :  — R determined by A€ (i.e., satisfying g(¢) = g(¢')
whenever ppe = ¢/\.). We shall obtain the equality (5) by developing both its sides. First, the
left-hand side of (5) satisfies

P(g-P(f[pac)) =P(g- f) (6)
by the properties of conditional expectation (as g is determined by A°). Second, the right-hand
side of (5) satisfies

P(gPRY (1)) = lim PR (9-PFY (1) = lim P (9-PY. (f | pac)) = lim PX: (g-f) = Plg-f), (7)

where the first equality follows since P (f) is a continuous function of ¢ae by (3), the second
equality follows from the Gibbs property of }P’X’; given in Lemma 1.1, the third equality follows
from the properties of conditional expectation and the last equality follows since f and g are
continuous. Putting together (6) and (7) finishes the proof of (5). O

Thus in the case that S is compact there is always at least one Gibbs measure. In the non-
compact case it may be that no Gibbs measures exist and this is in fact the case for the discrete
Gaussian free field in dimensions d € {1,2}. The low-temperature Ising model admits two
different Gibbs measures (and hence infinitely many Gibbs measures, by taking mixtures of the
two), one obtained as a thermodynamic limit when 7, is the constant +1 configuration and the
other obtained when 7, is the constant —1 configuration.
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Extremal Gibbs measures. The convexity of the set of Gibbs measures gives it additional
structure: We say that a Gibbs measure P is extremal if it holds that when P = alP; 4+ (1 — )Py
for Gibbs measures P1,[Ps and 0 < o < 1 then necessarily P = P; = Ps.

As will be discussed, extremal Gibbs measures are the building blocks for all Gibbs measures
and it is thus desirable to obtain additional properties of them. To this end let us define the tail
o-algebra T as follows,

T :=Naczd finite@ ({ @0+ v & A}).
The following characterization is fundamental.

Lemma 1.3. Let P be a Gibbs measure. Then P is extremal if and only if P(A) € {0,1} for all
A e T (that is, P is tail-trivial).

We require two preliminary claims.

Claim 1.4. IfP is a Gibbs measure and A € T has P(A) > 0 then ﬁp is also a Gibbs measure.

Proof. Denote Q := ﬁ]?. Let A C Z% be finite and let E C Q be measurable. We need to show
that

Q(E | pac) =PEA°(E), Q-almost surely,
or equivalently, that for each event Exc C Q which is measurable with respect to o(pac),

Qe - P (E)) = Q(Ex- N E).
The last equality can be verified by noting that

Oty B (B)) = P (s Lo B (D))
= FeaPanene BB oxe)) = o PB(AN Bae N E| o)
= IP’(lA)P(A N Ere N E) = Q(EAC N E)7

where the first equality follows from the definition of @, the second equality follows as P is a
Gibbs measure, the third equality follows as A € T C o(pac) and Eprc € o(pac), the fourth
equality follows from the properties of conditional expectation and the last equality follows again
from the definition of Q. [l

Claim 1.5. If Py, Py are Gibbs measures satisfying that P1(A) = Po(A) for every A € T then
Py = Ps.

Proof. Let P1,Py be distinct Gibbs measures and let £ C ) be a measurable set for which
Py (E) # Py(E). Let (A,) be an increasing sequence of finite subsets of Z¢ with UA,, = Z%.
Define a random variable X : @ — R by

X (p) :=limsup Pif" (E).

n—o0
As X is measurable with respect to 7 it suffices to show that P (X) # Pa(X).
For any Gibbs measure P and any finite A C Z,

P2 (E) =P(E | pae), P-almost surely.
Thus, Lévy’s downward theorem shows that
X = lim Py(E|pac) =P1(E|T), Pi-almost surely,
n—oo )
X = lim Po(E |ppc) =Po(E|T), Po-almost surely.
n—oo

We conclude that P1(X) = Py (E) # Py(E) = Po(X) finishing the proof of the claim. O
Proof of Lemma 1.3. First, suppose that there is some A € T for which 0 < P(A4) < 1. Clearly,
].A 1Ac
P=PA) - —P+ (1 -P(A)) -
() 5P+ (1~ P 555

so that P is non-extremal, as both ﬁﬁ” and ﬁ}? are Gibbs measures by Claim 1.4.
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Second, suppose that P is non-extremal, so that there exist distinct Gibbs measures P, Py and
0<a<1withP=aP;+ (1—«a)P;. As Py # Py it follows from Claim 1.5 that there exists an
event A € T for which Py(A) # Pa(A). Thus, P(A) = alP1(A4) + (1 — a)Py(A4) ¢ {0,1}. O

Extremal decomposition. For any Gibbs measure there exists a unique way to express the
measure as an ‘average’ of extremal Gibbs measures. This is a consequence of abstract principles
such as the Krein-Milman theorem and Choquet’s theorem. It may also be seen directly, by
starting with a Gibbs measure P and considering the regular conditional probability obtained
by conditioning P on the tail sigma-algebra 7. One checks that P-almost surely, the resulting
conditional probability distribution is an extremal Gibbs measure and this then gives the required
decomposition. We do not elaborate further on this decomposition here and refer to Friedli and
Velenik [3, Section 6.8.4].

Translation-invariant and ergodic Gibbs measures. A probability measure P is called
translation-invariant if

P(A) = P(6,A) for each measurable set A C Q and v € Z¢,

where, for a configuration ¢ € €, 0,¢ is the shifted configuration defined by (0,¢)w = p(w — v),
and 0,A = {0,p: ¢ € A}. The set of translation-invariant Gibbs measures is often simpler to
study and has special relevance to the physics of the model. The set of translation-invariant Gibbs
measures is itself convex and hence it is natural to try and characterize its extremal elements.
Here, we mean that a translation-invariant Gibbs measure P is extremal within translation-
invariant Gibbs measures if when P = aP; + (1 — a)P2 for translation-invariant Gibbs measures
P1,Py and 0 < o < 1 then necessarily P = Py = Py. Of course, if P is extremal (for all Gibbs
measures) then it is also extremal within translation-invariant Gibbs measures. However, the
converse need not hold.

The following lemma gives a useful characterization of extremality within translation-invariant
Gibbs measures. A measurable set A C € is called translation-invariant if 6,A = A for all
v € Z%. A translation-invariant probability measure P on € is called ergodic if P(A) € {0,1} for
all translation-invariant A C €.

Lemma 1.6. A translation-invariant Gibbs measure P is extremal within translation-invariant
Gibbs measures if and only if it is ergodic.

The proof of the lemma is left as an exercise to the reader.
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